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Survival analysis: Cox proportional hazards model

L. JEYASEELAN, S. D. WALTER, V. SHANKAR, G. T. JOHN

INTRODUCTION
The Cox proportional hazards model is a multivariate method
used in survival analysis. Undoubtedly, many factors influence
survival rates. Some of them are well documented; some are
suspected but difficult to measure, such as 'clinical management'
while others are unsuspected and unmeasured, and cannot be
controlled except by randomization in prospective studies.' How-
ever, in analysing epidemiological data, the investigator often
wishes to adjust for the effect of some variables (confounders;
which are associated with the study variable or exposure and the
outcome) so that the effect of other variables can be defined more
clearly.' That is, multivariate analysis takes account of correla-
tions between variables when estimating the effect of the study
variable with survival period. Univariate analysis cannot allow for
these correlations and, as a result, may fail to identify some factors
that affect survival while falsely identifying others. For example,
in a univariate analysis, a long duration of pretransplant dialysis
may have an apparent beneficial effect on kidney graft survival.
However, this may be entirely due to the correlation between the
duration of pretransplant dialysis and the number of pretransplant
transfusions. A multivariate analysis including both variables
simultaneously would help distinguish the benefits of each
factor.'

There are two main reasons for modelling survival data. One
objective is to determine which combination of potential explana-
tory variables affect the form of the hazard function. Another
reason for modelling the hazard function is to obtain an estimate
of the hazard function itself for an individual.

We discuss here the concept, assumptions, analysis and inter-
pretation of multivariate survival analysis using the Cox propor-
tional hazards model.

METHOD
Hazard of death at any time for an individual on new treatment
relative to an individual on standard treatment is known as the
relative hazard or hazard ratio. The hazard of an individual on the
new treatment is denoted as h(t) and on standard treatment as h (t).
If the hazard ratio h(t)/h (t) is less than 1, then the hazard of death
at time t is smaller for a~ individual on new treatment, relative to
the individual on standard treatment. The new treatment is then an
improvement on standard treatment. On the other hand, if the
hazard ratio is greater than 1, then the hazard of death at t is greater
for an individual on the new treatment, and the standard treatment
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is superior. The ratio of the two hazards can be presented as given
below:

h(t)

ho(t)

The ratio h(t)/ho(t) is an exponential function ofthe group (experi-
mental or standard treatment variable) and can be expressed as:

(1)

The exponential part does not involve t. The x here is called the
time-independent covariate. That is, the variables are mostly
recorded at a time when a patient was entered into the study. The
impact of these variables on hazard of outcome (renal graft
failure) is then evaluated. Though some of the information on
variables changes during the follow up period, the changed infor-
mation will not be considered in the above model. For example,
the age of the patient, disease activity and tumour size change over
years, and are recorded periodically during the follow up. How-
ever, age at the time of recruitment is considered for analysis in the
above model. Therefore, age is considered as a time-independent
variable. If we consider in the analysis the information for a
variable, which is observed during the follow up period, such as
tumour size, then the tumour size is a time-dependent covariate.
We will be discussing only the time-independent covariates.

Relation to relative risk
To explain this, let us consider only one variable group which has
two categories-experimental and control. We will assign value
1 to the experimental and 0 to the control group. Consider one
member of each group at time t, of which one had kidney failure.

The probability of failure in the experimental subject

Hazard at t for experimental subject

[Hazard at t for experimental subject + Hazard
at t for placebo subject]

ho(t) exp (p.(x!=l»

ho(t) exp (p.(x!=l» + ho(t) exp (p.(x!=O»

exp (P)

exp (P) + 1

Similarly, the probability offailure in a placebo subject is

ho(t) exp (p.(x!=O»
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exp (~) + 1

Therefore, the hazard ratio = exp (~), which is the instantaneous
relative risk at time t. If we take logarithms, then

log (hazard ratio) = ~

For example, in the renal graft failure data, the estimated
regression coefficient (~) for patients who had dialysis (dialysis
and no dialysis group assigned codes 1 and 0, respectively) was
0.2468. That is, ~ = 0.2468. If we take the anti-logarithms of ~,
that is, exp (0.2468), then the relative risk is 1.28. That is, the risk
of having graft failure is 1.28 times higher for patients who had
dialysis as compared to those who did not.

The null hypothesis (of no difference between two groups in
hazard) is ho:~=O

Continuous risk variable
If the risk variable is continuous, for example, age of donor, and
if we wish to compare the hazard of a 65-year-old v. a 55-year-old
subject, then the

Hazard ratio

exp (~). (x=65)
= ----- = exp (~(65-55» = exp (~.1O)

exp (~ (x=55»

In the renal graft failure data, the hazard ratio (estimate of the
regression coefficient B) is 0.036. Then, for the donor age (65 and
55 years) comparison:

exp (0.036.(x=65»
Hazard ratio ------ = exp (0.036.(65-55»

exp (0.036.(x=55»

= exp (0.036x 10) = exp (0.36) = 1.43

That is, the risk of having renal graft failure is 1.4 times higher for
a patient who received a kidney from a 65-year-old donor as
compared to the patient who received it from a 55-year-old donor.

Assumptions
The hazard ratio (effect) does not change after transplant, that is,
during the survival period. As a result of this assumption, the
hazard of the treatment group compared to the placebo group will
remain the same during the survival period. Thus, the two curves
are proportional to each other over t. In Fig. 1, at any point in time
the ratio of hazards of two groups is 2. That is, at 4 months, the
ratio is 412 = 2 and at 8 months, the ratio is 8/4 = 2, etc. Therefore,
the effect does not change over time. This assumption needs to be
validated during the analyses of the data.

Checking the proportional hazard assumption
As a check to validate the assumption of the proportional hazards
model, a graphical display of loge-log S(t» v. log(t) has been
suggested below.

A log-log survival curve is simply a transformation of an
estimated survival curve that results from taking the natural log of
an estimated survival probability twice.

The log of a probability, such as Set) is always a negative
number. Because we can only take the log of a positive number,
we need to negate the first log before taking the second log.

The parallelism (approximately) of log-log survival plots for
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FIG1. Diagrammatic representation of Cox proportional hazards
assumption

(2)

the Cox proportional hazard provides us with a graphical
approach for assessing the proportional hazards assumption. Set)
is an adjusted survival curve for predictors satisfying the propor-
tional hazards assumption-the predictor being assessed, should
not be included in the model. The hypothetical display of log(-log
Set»~v. log(t) is presented in Fig. 2.

Coding variables for proportional hazards model
Binary or categorical variable. The baseline category or the

group which is meant for comparison is usually coded as O.For
example, in the group variable, the placebo group should be coded
as O.In the categorical variable such as donor age (15-29, 30-39,
40+), 15-29 can be coded as 0, which can then be a comparison
group.

Continuous variable. As defined in equation (2), a continuous
variable does not have an obvious baseline value to compare. In
such a situation, it is more appropriate to keep the mean of that
variable as the reference value. To do this, we need to change the
values. For example, if the recipient age is continuous, then
recipient age = recipient age - mean recipient age. In such a
situation, the hazard rate for a transplant recipient of average age
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Fig 2. Hypothetical representation of Cox proportional hazards
assumption after log-log(S(t» transformation
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is 1. Otherwise, the hazard ratio is the exponentiation of the
regression coefficient times the difference between the two reci-
pient age values, as defined in equation (2).

Dummy variable
If there are k categories, then there will be k-l dummy variables.
There are many ways to construct dummy variables. We have
explained here the most commonly used partial method. (The
more interested reader may refer to Hosmer and Lemeshow. 3) For
example, if the donor age is grouped as 15-29,30-39 and 40+,
then we should have 2 dummy variables as follows:

Donor age Dl D2
15-29 0 0
30-39 1 0
40+ 0 1

In the above table, D 1 represents the comparison between 30:"·-39
and 15-29, where 15-29 is the baseline category. Similarly, D2
represents the comparison betwen 40+ and 15-29. Thus, the
baseline category has the value 0 for Dl and D2.

Tests for significance
Wald test. This is a Z test, where Z follows the standard normal

distribution with mean 0 and standard deviation 1.The regression
coefficient (~) is divided by the standard error of the estimate.
That is, Z=~/SE(~). The observed value of this statistic is then
compared to percentage points of the standard normal distribution
to obtain the corresponding p value. This statistic helps us to
identify whether a particular study variable is statistically signifi-
cant or not. It is an easily computed but approximate test.

p value. When attempting to interpret the p value for a given
parameter, say ~, it is important to recognize that the hypothesis
being tested is ~=O,in the presence of all other terms that are in the
model. For example, suppose that a model contains three explana-
tory variables Xl' x2' X3 and that their estimated coefficients are ~l'

~2' ~r The test statistic ~/SE(~2) is then used to test the null
hypothesis that ~2=0, in the presence of ~l and ~3' If there was no
evidence to reject this hypothesis, we would conclude that x2was
not needed in the model in addition to Xl and x3•

Comparing alternative models. Suppose that two models are
contemplated for a particular data set, model (1) and model (2),
where model (1) contains a subset of the terms in model (2). Model
(1) is then said to be parametrically nested within model (2).

Suppose that p explanatory variables Xl' x2... xpar~ fitted in
model (1) and also suppose that p+q explanatory vanables are
fitted in model (2). Model (2) contains the q additional explana-
tory variables xp+l'xp+2'... xp+q'Because model (2) has a larger
number of terms than model (1), model (2) must be a better fit to
the observed data.

The statistical problem is then to determine whether the
additional q terms in model (2) significantly improve the explana-
tory power of the model. If not, they might be omitted, and model
(1) would be deemed to be adequate. In such a situation, the
likelihood ratio statistic is used.

Likelihood ratio statistic. This is used to assess the signifi-
cance of a model, when there is more than one variable in the
model. Therefore, one or more variables individually may not be
significant.

The significance is assessed on the basis of the difference
between the likelihood ratio value ofthe models with and without
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a group of variables (q-variables as discussed above) for the
corresponding degrees of freedom. The statistic is G and is,

-2 (log likelihood ferthe model without q variables -log likeli-
hood for the model with q variable),

where G followsthe Chi-square distribution. If q= l , then it is
assessing the significance of one variable using the likelihood
ratio test.

For example, in the renal graft failure study, the likelihood
ratio (-2 log likelihood ratio) for the model with age, sex of patient
and dialysis was 436.9 and was 433.5 for the model with age, sex
of the patient, dialysis and diabetes. The difference between the
likelihood ratios of the two models (that is, with and without the
diabetic variable) 3.4, was due to the effect of the diabetes
variable, with one degree of freedom. The corresponding p value
is 0.065.

Model selection
Any variable whose univariate test has a p value <0.25 should be
considered as a candidate for the multivariate model along with
the variables of known biological importance. The step-wise
method is recommended. Once the model is obtained with essen-
tial variables, we should look for the interaction terms.

If the interaction term is included in a model, then the single
terms (main effects) should also be included for each variable.

Data. One of the authors (GTJ) studied the effect of peak
antibody levels and known risk factors; dialysis (1 yes 0 no),
diabetes (1 yes 0 no), patient age (continuous), donor age (con-
tinuous), donor sex (l male 0 female), rejection episode (3=3 or
more) and vascular disease (1 yes 0 no) during the early post-
transplant phase in the loss of renal allografts. There were 216
patients involved in this study. The study variable peak antibody
level was grouped as ~20% and> 20% to form groups for compari-
son with respect to their survival experience.

RESULTS
The univariate analysis of the above data using the Cox propor-
tional hazards model is presented in Table I. The donor age was
significantly associated with graft survival. The risk of graft
failure was 3.5 times higher for the patient if the donor was more
than 35 years as compared to those 35 years or less; this difference
was statistically significant (p<O.OOOl).The risk of graft failure
was 2.5 times higher for the patient, if the patient was diabetic
compared to those who were not; this difference was statistically
significant (p<0.002). The risk of graft failure was 3.2 times
higher for patients whose peak antibody level was >20 as com-
pared to patients whose peak antibody level was ~20; this differ-
ence was statistically significant (p<O.OOOI).The risk was 3 times
higher for patients who had> 2 vascular rejections as compared to
patients who had ~2 vascular rejections; this difference was
statistically significant (p<0.019).

The results of the multivariate Cox proportional hazards model
are presented in Table II. After controlling the effects of other
variables, the age of the patient was significantly (p=0.08) asso-
ciated with graft failure and the risk was 42% less for patients who
were less than 35 years old.

The risk of graft failure was 3 times 'significantly' (p=0.0015)
more for patients whose donor age was >35 years. The patients
who were diabetic had 3 times 'significantly' (p=0.007) more risk
for graft failure. The risk of graft failure was nearly 3 times 'signi-
ficantly' (p=0.0004) higher for patients whose peak antibody
level was >20.
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TABLE1. COXproportional hazards model (univariate analysis)

Variable Hazard ratio 95% confidence interval p value

Age (years)
S;35 1.000
>35 0.63 0.35, 1.15 0.1302
Sex
Male 1.000
Female 0.99 0.53, 1.84 0.9787
Donor age (years)
S;35 1.000
>35 3.51 1.89, 6.53 0.0001
Donor sex
Male 1.000
Female 1.07 0.55,2.07 0.8502
Dialysis
No 1.000
Yes 1.28 0.94, 1.74 0.1227
Diabetes mellitus
No 1.000
Yes 2.56 1.14, 5.76 0.0227
Peak antibody (%)
S;20 1.000
>20 3.22 1.78,5.80 0.0001
Rejections
S;2 1.000
>2 3.02 1.19, 7.67 0.0198

As a method for checking the underlying assumption of pro-
portional hazards for the peak antibody variable, loge-log Set»~
was plotted against log(t) for the multivariate model, with all the
variables in Table II except the peak antibody variable and is
presented in Fig. 3. This was done to identify whether the study
variable peak antibody level satisfies the parallel assumption in
the presence of other risk variables in the model. Since the lines
are nearly parallel for the two categories in peak antibody level,
the diagnosis suggested that the assumption be met.

DISCUSSION
Once a model has been fitted, there are a number of aspects of the
fit of a model that need to be studied. For example, the model must
include appropriate explanatory variables from those measured
during the study. We require procedures that allow us to check
whether any variable included in the model needs to be trans-
formed, and whether any omitted variables should actually be
included in the model.

It might be important to identify observed survival times that
are greater than would have been 'anticipated, or individuals
whose explanatory variables have an undue impact on particular
hazard ratios."

We, therefore, always need to emphasize that a model is never
actually true, but may be useful. The process of model construc-
tion, elaboration and criticism is possibly the most vital part of
statistical analysis. There is inevitably a strong element of judge-
ment required, and this is best carried out in close collaboration
between statisticians and clinicians.

The data may impose limitations on the number of explanatory
variables, which can be usefully explored simultaneously. Even
with many patients available in the database, the main constraint
will relate to the number of events occurring during the study
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TABLEII. Cox proportional hazards model (multivariate analysis)

Variables Hazard ratio 95% confidence interval p value

Age (years)
s;35 1.000
>35 0.58 0.31, 1.07 0.0805
Donor age (years)
s;35 1.000
>35 2.93 1.51,5.69 0.0015
Dialysis
No 1.000
Yes 1.28 0.67, 2.44 0.4542
Diabetes mellitus
No 1.000
Yes 3.16 1.37,7.29 0.0069
Peak antibody (%)
S;20 1.000
>20 2.96 1.62, 5.41 0.0004
Rejections
S;2 1.000
>2 2.23 0.84, 5.94 0.1070

• >20

~+.O-------5r-------'~.O------~'.-5------~2.0~----~2.5

log TIme

FIG 3. Validation of proportional hazards assumption for peak
antibody level

period. Therefore, it is important to estimate the sample size,
based on the hazard rate and the planned follow up period.'
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