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Survival analysis: An introduction

L. JEYASEELAN, S. D. WALTER, V. SHANKAR, G. T. JOHN

INTRODUCTION
In many prospective studies or clinical trials, the outcome of
interest is an interval of time until an event occurs. This interval
is known as 'survival time' or 'failure time'. Examples of the
'event' under study are death, onset of disease, relapse from
remission, conception and birth. For example, one may wish to
study the distribution of time from kidney transplant to death.
Survival analysis methods can deal with survival time data that are
not complete (censored). Censoring of data can occur due to loss
to follow up, or because the subject withdraws from the study for
some other reason (e.g. because of an adverse drug reaction), or
because the subject does not experience the event before the study
ends. The objective of survival analysis is (i) to describe the
pattern of survival in a group of subjects, (ii) to compare the
survival experience in various subgroups, and (iii) to identify
significant prognostic co-variates (proteinuria, serum creatinine,
disease activity index, etc.). We discuss the first two objectives,
using simple examples.

METHODS
There are three kinds of censoring-right, left and random. The
diagrammatic representation of censoring is given in Fig. 1. The
first patient developed the event at 5 years. But in the second
patient, the event did not occur until the end of the study.
Therefore, the patient is censored. The third patient entered the
study during the second year and withdrew (and thus was cen-
sored) at 6 years. This patient's contribution to the study was 4
years of follow up. The subject's observed survival time is
incomplete at the end of the follow up period. That is, right
censoring occurs as the subjects drop out from the study or the
study ends.

Left censored data can occur when a subject's survival time is
incomplete at the beginning of the follow up period. For example,
if we are following subjects with HIV infection, we can start the
follow up when a subject's first test is positive for the HIV virus,
but we may not know the exact time of the first viral infection.
Thus, the survival time is censored on the left side. 1

NOTATIONS AND DEFINITIONS
The variable of interest, time, is denoted by t. Also, t denotes a
specific value of the survival time, for example, 7 years. There are
two terms that are very essential in survival analysis-the survivor
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function and the hazard function, which are denoted by S (t) and
h (t), respectively.

Survivor function
The survivor function gives the probability that a person survives
longer than some specified time, t. This is monotonically decreas-
ing. That is, as time (follow up period) increases, the survival
probability decreases. At the start of the study, since no one has
experienced the event yet, the probability of surviving past time,
o is one. If the time period increases without limit, eventually
nobody would survive, so the survivor curve must fall to zero.

Hazard function
While the survivor function focuses on the probability of not
failing, the hazard function focuses on failing. Thus, in some
sense, the hazard function can be considered as being the comple-
ment of the information provided by the survivor function. That
is, the higher the survivor function [S (t)] for a given t, the smaller
is the hazard function [h (t)] and vice versa. In many situations, it
is important to know how the hazard (risk) of a particular outcome
changes with time.

For example, it is well known that infant mortality is highest in
the few days following birth and thereafter declines very rapidly.
The hazard function [h (t)] gives the instantaneous risk per unit
time for the failure (death, relapse, etc.) to occur, given that the
individual has survived up to time t. This is also called conditional
failure rate and ranges from 0 to 00.

This can be defined as follows:

Probability of an individual who survived
until t and failed in a small time interval

h (t) = -------------- (1)
Time interval

The time interval is assumed to be very small, maybe a day, if
the time period is months. The numerator denotes the probability
that the event will occur during the small time interval.
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KAPLAN-MEIER (KM) OR PRODUCT LIMIT METHOD

The survival probability can be calculated in the following way.
For example, the probability of surviving one year (365 days) is
the probability of surviving day 365 having already survived the
previous 364 days. Survival into day 365 is, therefore, conditional
on surviving the whole of day 364. Similarly, the conditional
probability of surviving for 364 days is the probability of surviv-
ing day 364 having already survived for 363 days. This argument
can be presented as follows. .

PI = probability of surviving for at least 1 day after transplant.

P2 = conditional probability of surviving the second day after
having survived the first day.

P3 = conditional probability of surviving the third day after
having survived the second day.

P365= conditional probability of surviving day 365 after having
survived day 364.

The overall probability of surviving 365 days after kidney
transplant, S (365), is then given by the product of these probabili-
ties. Thus

S (365) = PIXP2XP3X ... XP364xP365

To calculate S (t), we need to estimate each of PI' P2' Pt' We can
obtain the probability of survival at time t as follows:

Number of patients followed for at the least
(t-l) days and who also survive day t

Number of patients alive at end of day (t-l)

In general, the cumulative probability of survival time t is

(2)
or

S (t) = S (t-Ljxp,

In simple terms, this can also be defined as follows:

Number of patients surviving longer than t
S (t) = (3)

Total number of patients

Therefore, S (t=O) is 1. This means at the start of the study,
since no one has experienced the event yet, S (t=O)=S (0)=1. The
probability of survival for everyone is 1. S (t==) is O.This means,
if the study period increases without time limit, eventually nobody
would survive, so the survivor curve must eventually fall to zero.
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COMPARISON OF SURVIVAL CURVES

We may wish to compare the survival experiences of patients, who
receive different treatments for their disease. For example, we
might wish to compare the survival patterns of kidney transplant
patients between high- and low-dose cyclosporine regimens.

If the two treatments are of equal efficacy, then the correspond-
ing survival curves should only differ because of chance variation.
Thus, under the assumption of no difference between the two
treatments, we anticipate that the two patient groups will have a
similar survival experience. This should be the case, at least
approximately, if allocation to treatment is random and the groups
are of sufficient size. However, if there is a difference in survival
curves, how different do they have to appear to be before we can
reliably attribute this difference to a treatment effect? How can we
be sure that the difference is not due to an imbalance in known and
unknown prognostic factors? How different must they be in order
to reject the (null) hypothesis of no treatment difference? To make
a formal comparison of these (two or more) survival curves, many
researchers use the log-rank test.

LOG-RANK TEST

The log-rank test is a large sample test that provides an overall
comparison of the survival curves. It uses Chi-square statistic and
makes use of observed versus expected cell counts over categories
of outcomes. The categories for the log-rank statistic are defined
by each of the ordered failure times for the entire set of data being
analysed. I The null hypothesis is that of no difference among
survival curves.

Data
One of the authors (GTJ) studied the effect of acute rejection, peak
antibody and known risk factors during the early post-transplant
phase in the loss of renal allografts. There were 216 patients
involved in this study. For the purposes of this example, the data
were censored at two years. The study variable, peak antibody
level, was grouped as less than or equal to 15% and more than 15%
to form groups for comparison with respect to their survival
experience.

RESULTS

Life table method
Table I presents kidney transplant data and estimated graft sur-
vival and hazard function of 216 patients who were followed up
for two years.

Survival probability. In Table I, at the beginning of the first

TABLEI. Cumulative probability of survival for kidney transplant data: Actuarial method

Time interval Number Number No. entering No. exposed Conditional proportion Conditional proportion S (t) h (t)
(t) in months dying (d,) LFU interval (n',) (n.) dying (q) surviving (p,=I-<!,)

0- 3 0 216 216 0.014 0.986 0.986 0.005
3- 4 0 213 213 0.019 0.981 0.967 0.006
6- I 0 209 209 0.005 0.995 0.962 0.002
9- 2 2 208 207 0.010 0.990 0.953 0.003
12- 4 8 204 200 0.020 0.980 0.934 0.007
15- 2 5 192 189.5 0.011 0.989 0.924 0.004
18- 2 5 185 182.5 0.011 0.989 0.914 0.004
21- 1 4 178 176 0.006 0.994 0.909 0.002
24+ 173 173 86.5 0.000 1.000 0.909

LFU lost to follow up
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interval, 216 grafts were at risk, i.e. the survival probability at
timeef) is S (0)=1. During this interval, 3 failed. Therefore, esti-
mated conditional probability of failure in the interval 0-2 months
is 3/216=0.014. The conditional probability of surviving during
this interval is 1-0.014=0.986.

The cumulative probability of survival during 0-2 months is
the product of the conditional probability of survival during this
interval and the cumulative probability of survival at the begin-
ning of the interval or study, i.e. 0.986x 1=0.986. At the beginning
of the second interval (3-5. months), 213 grafts were at risk, of
which 4 failed. The conditional probability of failure in this inter-
val is 41213=0.019. Therefore, the conditional probability of
survival during this interval is 1-0.019=0.981.

The cumulative probability of survival during 3-5 months is
the product of the conditional probability of survival during this
interval and the cumulative probability of survival at the begin-
ning of the interval or study, i.e. 0.981xO.0986=0.967. In the
interval 9-11 months, there were 4 cases of graft failure and 8
patients lost to follow up.

The number being at risk in this interval was 206. Since 8 of
them were lost to follow up, the number at risk during the interval
was 206-(812)=202. The assumption is that the losses occur uni-
formly throughout the interval, so they contribute (lost to follow
upl2) person units of follow up on average. The conditional
probability of graft failure during the interval was 4/202=0.020
and the conditional probability of graft survival was 0.980. The
cumulative probability of survival was 0.980xO.953=0.934.

Hazard. At the beginning of the first interval, the hazard of
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graft failure was nil, i.e. h (t=O)=O.There were 216 patients at risk
during the first interval and 3 of the graft cases failed during inter-
val 0-2 months. As assumed above (losses occur uniformly), only
50% of the failures were considered on average as alive at the
beginning of the interval. Therefore, the real number being at risk
was 216-312=214.5.

The number of graft failures during the interval was 3. Using
equation (3), the estimated probability of graft failure is 3/(216-
312)=0.014. The probability offailure for three months is 0.014.
The estimated hazard offailure per month is 0.014/3=0.005. Simi-
larly, during the second interval 4 grafts failed. Therefore, the
hazard is 4/3(213-412)=0.006.

Kaplan-Meier (KM) method
The calculations necessary to obtain the KM estimate of the survi-
val probability for graft transplant data are presented in Table II.
The diagrammatic representation is given in Fig. 2.

The patients' graft failure times are ranked first in increasing
order. These are listed in the first column of Table II. At the begin-
ning, there had not yet been a failure. That is, at time 0, S (t=O)=1.

At time 1 month, there was a failure, which gives the condi-
tional probability of survival (L-conditional probability of graft

. failure) at 1 month, is

PI = 1-(11216) = 0.995

The cumulative probability of survival at 1 month

S (1) = S (t=O)XPI= lxO.995 = 0.995

TABLEII. Cumulative probability of survival for kidney transplant data: Kaplan-Meier method

Timeinterval Number Number No.exposed Conditionalproportion Conditionalproportion Cumulativeprobability
(t) in months dying(d,) LFU (n,) dying(q) surviving(p=I-q,) of survivalS (t)

0 0 216 0 1.0 1.0 -

1 1 216 0.005 0.995 0.995
2 1 215 0.005 0.995 0.990
3 1 214 0.005 0.995 0.985
4 1 213 0.005 0.995 0.980
5
5
5 3 212 0.014 0.986 0.966
8 1 209 0.005 0.995 0.962
9 I 208 0.005 0.995 0.957
10 1 207 0.005 0.995 0.952
12+ 0 2 206
12
12 2 204 0.010 0.990 0.943
13+ 0 6 202
13 1 196 0.005 0.995 0.938
14+ 0 2 195
14 1 193 0.005 0.995 0.933
16+ 0 3 192
17+ 0 2 189
17
17 2 187 0.011 0.989 0.923
18 1 185 0.005 0.995 0.918
19+ 0 1 184
20+ 0 4 183
20 1 179 0.006 0.994 0.913
21+ 0 2 178
24 1 176 0.006 0.994 0.908
24+ 0 175 175

LFU lost to follow up
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FIG 2. Survival curve of renal graft failure

At 2 months, one graft failed. Therefore, the patients who are
available at the beginning of2 months are 216-1=215. The prob-
ability of survival at 2 months is

P2 = 1-(1/215) = 0.995

The cumulative probability of survival at 2 months is

S (2) = PIXP2 or = S (1)XP2= 0.995xO.995 = 0.990

At 12 months, 2 patients were lost to follow up and 2 grafts
failed. Therefore, the number available at the beginning of the
time period is 206-2=204. The conditional probability of survival
at 12 months is

P12= 1-(21204) = 0.990

The cumulative probability of survival at one year (no failure
or censoring at 11 months) is

S (12) = S (10)XP12= 0.952xO.990 = 0.942

In a similar way we can estimate the cumulative survival prob-
ability for the rest of the time period. The cumulative probability
of survival is plotted against time in Fig. 2.

The cumulative survival probability can also be calculated
using equation (2). For example, the cumulative survival prob-
ability at 12 months:

There were 204 patients who were at risk
at the beginning of 1 year

S (12) = -------------
Number available at the beginning of the study

=2041216=0.944

Hazard rate
The hazard rate was calculated for a two-year time period using
equation (3). The hazard rate for graft failure is presented in Fig.
3. The hazard was higher in the first four months, and started
declining from the fifth month onwards; rose from the ninth
month and then peaked at the twelfth month. In general, the hazard
of graft failure is high in the first 12 months and declines sharply
thereafter.

The decrease in hazard function during 4-8 months is probably
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FIG 3. Hazard rate of renal graft failure

not due to changes in treatment or absence of risk factors that
existed till that period; it is likely to be due to random variation
which may be attributed to lesser number of failures. In such
situations, analysis of hazard trend by regrouping the time of
follow up as 0-12,13-18,19-24 months, etc. would be helpful in
interpreting the data.

Log-rank test
The KM survival curve by peak antibody level is presented in Fig.
4. To calculate a log-rank test statistic for the two groups, for
example, we first form a 2x2 table of the number of grafts which
failed and the number who were at risk at each time when a graft
failure (event) occurred. For group 1,we then calculate how many
failures we would expect in that group at that time, assuming that
the two groups had identical survival curves. In Table III of the
transplant data, at one month, there was one failure in group 2. A
2x2 table can be formed for one month as follows:

90
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FIG 4. Survival curves of renal graft failure by peak antibody level
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TABLEIII. Observed and expected number of graft failures by peak antibody level (Group 1 ~15% and Group 2
>15%): Log- rank test

t No.of No.exposed No. expected Observed-Expected
Months deaths

ffi1j I"Il:!j n1j n2j e1j e2j ffi1j--e1j I"Il:!j-e2j

1 1 0 1 137 79 (137/216)x 1 (791216)xl -0.634 0.634
2 2 0 1 137 78 (137/215)xl (78/215)x 1 -0.637 0.637
3 3 1 0 137 77 (137/214)x 1 (77.214)x 1 0.360 -0.360
4 4 0 1 136 77 (1361213)x 1 (77/213)xl -0.638 0.638
5 5 0 3 136 76 (l361212)x3 (76/212)x3 -1.925 1.925
6 8 0 1 136 73 (I 361209)x1 (731209)xl -0.349 0.349
7 9 0 1 136 72 (1361208)x1 (721208)x1 -0.654 0.654
8 10 0 1 136 71 (1361207)x1 (711207)xl 0.657 -0.657
9 12 2 0 136 70 (1361206)x2 (701206)x2 -0.680 0.680
10 13 0 1 132 70 (I 321202)x1 (701202)xl -0.653 0.653
11 14 0 1 128 67 (1281l95)x 1 (671l95)x 1 -0.656 0.656
12 17 0 2 125 64 (1251l89)x2 (641189)x2 -1.323 1.323
13 18 0 1 123 62 (l231l85)x 1 (621185)x1 -0.665 0.665
14 20 0 1 122 61 (l221l83)xl (611183)x1 -0.667 0.667
15 24 0 1 118 58 (l88/176)x 1 (581l76)x 1 -0.670 0.670

3 16 12.39 6.60 -9.088 9.088

j the rank, assigned to time of failure after arranging them from lowest to highest

Time (1 month) Group 1 Group 2 Total
Failure 0 1 1
Survived 137 78 215
Number exposed 137 79 216

The expected number of failures in group 1is the proportion of
patients in group 1 x the total number of graft failures observed at
that time point (one month), i.e. (137I2l6)xl=0.634. The obser-
ved number of failures in group 1 is O.Therefore, the difference
between observed and expected number of failures is
0-0.634=0.634.

The log-rank test statistics is formed using the square of these
differences over all time points, when failures occurred for groups
1 and 2 separately. The working procedure is demonstrated in
Table III. The expected number of deaths is 12.39 and 6.60 for
groups 1and 2, respectively. The sum of observed minus expected
counts over all time points of deaths is -9.088 and 9.088 for
groups 1 and 2, respectively. The Chi-square value obtained is

(-9.088)2 (9.088)2
X2= + =19.17

12.39 6.60

Since this value is greater than 3.84 (Chi-square distribution
value with 1 degree of freedom) this is statistically significant
(p<.OOl). The Chi-square value, 19.17 which is derived from the
difference between observed and expected graft failure between
the two groups is significantly greater than 3.84.

The value 3.84 is obtained from the Chi-square distribution at
5% level of significance due to the null hypothesis of no differ-
ence between the two groups. This also suggests that the differ-
ence between the two survival curves is not due to chance, but due
to peak antibody level. That is, the patients who had peak antibody
level> 15 had significantly lower survival as compared to patients
who had peak antibody level ~15.

Since there was no graft failure after 12 months in the group
with peak antibody level ~15%, the survival curve stopped at 12
months.

The censored observations are not discarded. If a person is
known to be at risk at a failure time, then he/she is included in the
group of people at risk at failure time.

When more than 2 groups are compared, e.g. 3 groups, then the
2x2 table becomes a 2x3 table for each failure time.

DISCUSSION
The life table or actuarial method for survival analysis is recom-
mended when the number of subjects and outcome (death, etc.) in
the study are over 100. As the KM method computes the probabil-
ity of survival at each time point when there is an outcome, this
involves lot of computation. However, if appropriate software is
used, this is not a problem. The computing detail is presented in
Table IV.

TABLEIV. Computing detail for survival analysis

g (Oi-E)2
X2=L ----

i=l E
I

where O, Observed number of events in group i.
Ei Expected number of events in group i.
g Number of groups

X2follows Chi-square distribution with g-l degrees of free-
dom. The expected number of events can be calculated as follows:

n..
IJ

eij= --- x (Lmi)

Lnij i
i

where J
m..

IJ
n ..

IJ

the time point at which the event occurs
number of events (outcome) in group i at time j
number at risk in group i at time j

If we have two groups, then
n'j

e'j= --x(m,/~)
n,/n2j

n2j

e2j= --x(m,/~)
n,/n2j
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Estimation of sample size at the planning stage and power
analysis are essential. Lachin' gives the details of sample size
calculations for survival analysis. One of the strengths of survival
analysis is its inclusion of censored observations in the computa-
tion. Therefore, knowledge of the pattern of censoring is essential.
For example, heavy censoring could occur in the treatment arm
due to toxic side-effects, unacceptability of treatment, etc. This
could violate the independence of assumption of censoring.

In a survival analysis, there are three assumptions: First, at any
time patients who are censored have the same survival prospects
as those who continue to be followed; second, we assume that the
survival probabilities are the same for subjects recruited early and
late in the study. This could be a problem if the recruitment period
is longer. However, this could be tested if we have enough data for
subgroups. And, third, the event happening at a s~cified time is
approximate. Many times, the event happens between two exami-
nations. Therefore, this could be imprecise.'

The hazard of graft failure is expected to be high in the first year
after transplantation. But the trend was not seen as expected
because lesser number of failures from 5-8 months contributed to
a lower hazard function during that period. When there are fewer
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events, one is advised to look at the standard error of hazard for
correct interpretation. Sometimes, researchers expect a constant
hazard. For example, the hazard of death is the same due to acci-
dents. In such a situation, the hazard plot helps us to validate our
assumption and, if otherwise, to choose the appropriate survival
distribution.

Commonly used software in India are SPSS PC+ 6.0, BMDP,
STATAandEGRET.
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